Real-time mathematical description of a fuel cell system with a passive hydrogen recirculation by Kozeny, Pavel et al.
Fuel Cell Conference FC³  Chemnitz, 26.11. – 27.11.2019 
1 
Real-time mathematical description of a fuel cell system 
with a passive hydrogen recirculation 
Pavel Kozeny1,a, Jiri Hrdlicka1,b, Thomas von Unwerth1,c 
1Technische Universität Chemnitz, Reichenhainer Straße 70, 09125 Chemnitz, Germany 
2Department for advanced powertrains, Technical University Chemnitz 
apavel.kozeny@s2018.tu-chemnitz.de, bjiri.hrdlicka@mb.tu-chemnitz.de, cthomas.von-unwerth@mb.tu-
chemnitz.de  
A passive recirculation of hydrogen using ejectors is effective and efficient only in a limited operating 
window, which kept ejectors until recently from being integrated into automotive fuel cell systems, where 
a more dynamic operation is expected. Strategies like parallel setup or a PWM-drive employed to 
expand the operating window demand reliable control algorithms. Such algorithms can greatly benefit 
from the predictive power of a mathematical model. In a fuel cell system, the anode and cathode side 
cannot be separated, and a mathematical description should encompass all components to a 
reasonable degree, to allow the model to run on a low power automotive-grade platform in real time. 
This contribution demonstrates an approach to reduce the computation expense of the mathematical 
model. 
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1. INTRODUCTION 
Fuel cells are one of the alternative power sources, which finds its way to both 
stationary and transport applications. The well-established stationary applications 
include among others mission critical deployment in banks, hospitals, data centres and 
governmental buildings [1-3], but also in residential sector [4]. The transport and 
material handling sectors will most likely benefit in high power, long range or weight-
sensitive scenarios, such as long-haul trucks [5] and buses [6], trains in non-electrified 
regions [7], ships and submarines [8], forklifts [9], airplanes and drones [10]. In these 
applications, the short refuelling time, longer range, lower weight, high efficiency and 
zero local emissions grant fuel cells their niche. The optimum operation of fuel cell 
systems necessitates the use of control algorithms, which can either run a purely 
reactive scheme by comparing the actual values to the desired ones, or can utilise the 
predictive power of the mathematical model of the fuel cell system to operate 
proactively. Unfortunately, the use of a full-fledged, rigorous mathematical model of a 
fuel cell system is neither tractable nor meaningful in real-time applications due to the 
exorbitant computational expense. In this contribution, an approach cascading from a 
rigorous first principle model to fast and computationally inexpensive algorithms will be 
demonstrated on the example of a hydrogen ejector. 
A fuel cell, the core of a fuel cell system, is an electrochemical cell extracting part of 
the energy released during an electrochemical reaction between fuel and oxidant as 
electricity and the rest as a heat. To operate properly, fuel cells connected serially into 
a stack are complemented by additional balance of plant (BoP) components forming 
together a fuel cell system [11]. Fuel cell systems can be subdivided into four logical 
subsystems: anode loop supplying the fuel, cathode loop delivering the oxidant, 
Fuel Cell Conference FC³  Chemnitz, 26.11. – 27.11.2019 
2 
thermal management loop(s) controlling the temperature and electric subsystem 
dealing with the power generation and transmission. 
All fuel cell system components, including the fuel cell stack, can be studied in isolation 
with some degree of accuracy using transient 3D simulation, but the processing times 
are despite all simplifications and advances in simulation software and hardware 
prohibitive. To employ a rigorous transient mathematical model in a demanding 
application such as passenger fuel cell cars, the mathematical description must be 
considerably simplified with the lowest possible loss of generality and accuracy to 
support a model-based control algorithm with data in real time. Moreover, when 
studying only one subsystem, for example the anode loop, all the remaining 
subsystems have to be modelled to a certain degree as well to account for their impact 
on and interaction with the subsystem under study. 
To minimise degradation caused by fuel starvation, excess fuel is supplied to the stack 
and the unreacted remainder is typically fed back into the inlet manifold, i.e. 
recirculated, to retain fuel economy [12]. In such arrangement, a recirculation pump is 
needed to compensate the hydraulic pressure loss sustained in the stack and the 
piping of the anode loop. The anode and cathode loop also exchange media, fuel 
traverses to the cathode to electrochemically react with the oxidant accompanied by 
the transport of water. Moreover, small part of hydrogen, oxygen and nitrogen 
permeate in gaseous form through the membrane, resulting in hydrogen combusting 
with oxygen at the cathode and oxygen combusting with hydrogen at the anode; 
nitrogen as an inert enters the anode loop, where it accumulates. The comparatively 
high molar mass of nitrogen increases the inertia of the anode medium and results in 
an increased load demanded of the recirculation pump leading to an increased 
consumption, or reduced performance [13]. The inerts hindering the recirculation and 
reducing the partial pressure of hydrogen are typically removed by opening a purge 
valve and flushing of the inerts and hydrogen out the recirculation loop. The purged 
stream is typically fed into the cathode out gas so that the hydrogen reacts with the 
remaining oxygen to water, reducing the concentration of hydrogen vented from the 
fuel cell system.  
Purging strategies remain even in some modern fuel cell systems relatively simple, 
typically opening the purge valve periodically for a short duration, or varying the purge 
duration and frequency based on the load point and the associated liquid water 
production [14]. Such crude approach is effective but wastes hydrogen and hence 
increases the operating costs of fuel cell systems. The authors would like develop a 
more sophisticated purge strategy based on the monitoring of cell voltages and the 
performance of the recirculation pump [15]. In the case of an active pump, such as 
blower or side-channel pump, the power draw is a simple indicator of the concentration 
of nitrogen (and water) in the recirculated stream. The authors would like to target 
passive recirculation pumps, hydrogen ejectors, the monitoring of which is less 
straightforward, because their power consumption is dictated by the corresponding 
valves instead of an electric motor [16,17]. 
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2. MATERIAL AND METHODS 
To describe the operation of the recirculation loop and derive the operating strategy 
governing the purge behaviour, a mathematical model of the anode subsystem has 
been developed and implemented in MATLAB/Simulink®, see Figure 1. 
 
Figure 1: Mathematical model describing an anode subsystem of a PEM fuel cell system implemented 
in MATLAB/Simulink® 
Inspired by Hyundai Nexo [18] as an example, the model fuel cell system is designed 
to provide 95 kW and leverages a hydrogen ejector as a passive hydrogen recirculation 
pump. An ejector behaves differently than a conventional blower or a compressor and 
its description had to be developed to describe its operation outside the design point, 
which is normally the only intended operating point due to the fixed structure of the 
device. To reduce the effort and time needed to obtain the data suited to the wide 
range of operating conditions in a reasonable time frame, the mathematical description 
in the presented model has been based on a thermodynamic treatment complemented 
by material balances. The results of the simplified model were verified by a full 3D CFD 
simulation in ANSYS® using a setup validated in an earlier project [VP2232917ZG2]. 
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Figure 2: A schematic of an ejector. Red denotes the hydrogen supplied from the tank, blue recirculate 
drawn from stack anode outlet and purple the mixture fed into the stack anode inlet. A denotes the 
primary inlet, B the secondary inlet and C the outlet. 
An ejector is a device consisting of a nozzle and a diffuser, as show in Figure 2. A gas 
is fed at high pressure into the convergent part of a convergent-divergent nozzle, by 
design reaching the speed of sound at the narrowest point, to accelerate past speed 
of sound in the divergent part as dictated by the thermodynamics governing transonic 
fluid flow [19]. The gas enters with certain total enthalpy, part of which is converted into 
kinetic energy as the expense of the pressure energy and heat. The gas exits the 
nozzle as a jet, which has a low static pressure owing to the high speed. The low 
pressure sucks in recirculated medium from a secondary outlet and a mixture forms in 
the mixing chamber. The mixture proceeds to a diffuser with a divergent geometry, 
trading the kinetic energy back for pressure energy and heat. 
Compressors and blowers integrated into the anode loops of fuel cell systems are 
selected to compensate the pressure loss in the fuel cell stack and piping at the 
nominal flow rate, and according to their performance map quantifying the power 
delivered into the anode medium at given impeller speed. By means of analogy, the 
hydrogen supplied at high pressure and given mass flow rate into the nozzle takes the 
role of an impeller by delivering momentum into the working fluid.  
To reduce the computational expense, the processes running in the ejector have been 
quantified by calculating and tracking the total enthalpy, static pressure, static 
temperature and flow speed of the media assuming the isentropic (adiabatic and 
reversible) process. Because the flow speed of hydrogen in the nozzle exceeds the 
speed of sound, equations describing all quantities of interest in terms of the Mach 
numbers have been used [19]. The operation of an ejector outside of its design point 
introduces the risk that the transonic regime will collapse into a subsonic regime, 
resulting in a considerable loss of performance. Therefore, the geometry of the ejector 
had to be designed for an operating point corresponding to lower performance (e.g. 
60 kW) and its performance above the design point scaled up by applying higher 
pressure to satisfy the increased performance demand. The alternative, designing the 
ejector geometry for the maximum power (95 kW), would result in a subsonic flow and 
a considerably lower performance for the majority of the stack operating points. 
The secondary inlet and outlet of the ejector are connected to a fuel cell stack, which 
will determine the common operating point. The interplay of both devices necessitates 
the use of numerical simulations, in which stack and ejector are represented by 
simplified models. The performance maps serve in the initial version of the model in 
form of a lookup table, which has been integrated into a Simulink® simulation 
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environment to provide information for the rest of the simulation model faster than the 
complete ejector model. The pressure of fresh hydrogen from the tank is reduced to 
an intermediate level (e.g. 15 bara), and fed to the primary inlet of the ejector at a mass 
flow rate determined by the current drawn from the system under given power load.  
The volumetric flow rate, composition, pressure and temperature of the recirculated 
medium are adjusted by the stack model. The stack model utilizes a 1+1D (pseudo 
2D) approach by combining the mathematical description through the cell based on 
the Springer model [20] equipped with an enhanced description of the material 
properties collected from literature [21,22] with an along the channel model performing 
material and energy balances. The through the cell model has been extended to 
account for permeation of gases (hydrogen, oxygen and nitrogen), the inclusion of 
which necessitated the use of along the channel model to obtain physically plausible 
boundary conditions for the local partial pressure of the gases in the gas flow channels. 
The hydraulic losses in each cell of the stack were calculated using a correlation from 
[23], assuming a parallel flow field of 300 mm long, 2 mm wide and 0.5 mm deep 
channels. For the sake of simplicity, only ideal gas law and ideal gas mixtures were 
taken into account, excluding the transport of liquid water through the cells. The 
kinetics of the electrochemical reaction is described by the Butler-Volmer kinetics 
including the limiting current density correlations taken from [24]. The cell voltage 
breakdown includes the contact resistances as well. The stack pressure loss is 
expected to amount to 110 % of the cell pressure loss, a rule given to ensure a uniform 
distribution of the gases to the individual cell. The losses in piping and armatures is 
calculated using the Bernoulli equation with local hydraulic resistances. 
Using the WLTP Class 3 [25], average values for the urban, suburban and highway 
portions have been established and used for the calculation of the expected power 
load. The Nexo stack has 440 cells, an active area of 360 cm2 has been assumed. The 
IV curve shown in Figure 3 has been obtained from the Springer model assuming 
143 mV voltage loss accounting for cross-over and in plate currents.  
3. RESULTS 
Given to the early stage in the development, only discrete, preliminary results of the 
model are presented. Using the simplified model of an ejector designed to supply 
hydrogen covering the needs of a 95 kW stack. Considering the presence of a traction 
battery, it can be assumed that the stack can operate near steady state most of the 
time, a regime taken into account here. 
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Figure 3: Performance characteristics of the model fuel cell stack and system. The inlet conditions are 
listed in the overlay. 
Using the simplified ejector model, the authors constructed a performance map of an 
ejector presented in Figure 4, illustrating for two ejector outlet / anode stack inlet 
pressures. 
 
Figure 4: Pump characteristic of an ejector designed to supply hydrogen for a 95 kW fuel cell system 
with performance curves corresponding to different stack anode inlet pressures. The ejector was 
designed for 40 kW, 10 % mol. N2 and entrainment ratio 4. 
The ejector directly interfaces with the stack and draws data from the pseudo 2D 
simplified mathematical model, the sample results of which are shown in .Figure 5. It 
can be seen that the surge lines shift to higher pressure ratios for higher mass flow 
rate of the high-pressure hydrogen. The choke lines denote the conditions under which 
the flow speed of recirculate in the ring between the nozzle and diffuser element 
reaches the speed of sound. 
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Figure 5: Pressure and temperature evolution along the channel of an individual cell running at 
conditions specified in Figure 3, where l denotes the distance from the channel entrance and z the 
distance from outer edge of the anode gas diffusion layer. The pressure evolution along the channel 
(left) is impacted by the simulation performed through the fuel cell (right). Pressure in the anode and 
cathode gas flow channel are denoted as pA and pC, respectively. Temperature and pressure are shown. 
The semi-transparent boxes represent from the left the anode gas diffusion layer, anode catalyst layer, 
membrane, cathode catalyst layer and cathode gas diffusion layer. The red and magenta line show the 
evolution of gas temperature in the anode (red) and cathode (magenta) gas flow channels. 
Sample results demonstrating the performance of the ejector in a range of performance 
levels in shown in Figure 6. Increase in stack power accompanied by higher flow rate 
through the stack also increases the pressure differential between stack inlet and 
outlet. The entrainment ratio omega (over-stoichiometric coefficient minus one) 
decreases in response to the higher pressure difference at a similar rate. 
 
Figure 6: Ejector performance in range of 50-90 kW. Mass flow rates at the ejector primary inlet, ejector 
secondary inlet and ejector outlet are denoted m1dot, m2dot and m3dot, respectively. Temperatures 
are numbered analogically. Omega H2 denotes the entrainment ratio for hydrogen (mH2,2/mH2,1) 
4. DISCUSSION 
The ability of an ejector to keep high flow rate against higher pressures is limited mainly 
by the energy provided by the motive hydrogen stream, composition and temperature 
of the recirculate, inlet stack pressure and the width of the diffuser. Using a pessimistic 
estimate, the ejector designed to handle high amount of recirculate with high content 
of nitrogen at flow rate of motive stream corresponding to a lower power can perform 
in relatively wide operating window under less stringent (realistic) conditions. Without 
relying on 3D CFD simulation, pressure, temperature and flow speed have to be 
monitored to eliminate non-physical scenarios, such as supersonic flow in a 
convergent geometry and pressure in the jet higher than the stack outlet pressure still 
seemingly leading to recirculation instead of a reverse flow. 
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5. CONCLUSION 
A first step in developing a robust model of an ejector passive recirculation pump has 
been taken. A pessimistic design of an ejector led to a wider range of operating 
conditions while also compensating the exclusion of a more rigorous mathematical 
description. The model predicts qualitatively correct behaviour while describing a more 
demanding transport of mixture of hydrogen, water and nitrogen than typically reported 
in the literature. 
The results still need to be verified by a 3D simulation throughout the operating range 
and eventually validated by experiments. In addition to the purge strategy, which 
seems to favour frequent purging of smaller volumes [16], the verified mathematical 
model should elucidate the evolution of concentrations and pressures during start up 
and shut down, when the composition in the anode loop could approach air or humid 
nitrogen. The role of the purge valve is going to be also crucial in this line of 
investigation. Moreover, a purge valve doubling partially as a back-pressure regulator 
near the stack anode outlet will be examined. When ready, the model will be further 
simplified to eventually serve in a real-time environment. Lastly, the use of flexible or 
self-adjusting materials could enhance the operating window even further, but also 
require the development of the corresponding mathematical description. 
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